Abstract. We study the jamming of bead assemblies placed in a cylindrical container whose bottom is pierced with a circular hole. Their jamming behavior is quantified here by the median jamming diameter, that is the diameter of the hole for which the jamming probability is 0.5. Median jamming diameters of monodisperse assemblies are obtained numerically using the Distinct Element Method and experimentally with steel beads. We obtain good agreement between numerical and experimental results. The influence of friction is then investigated. In particular, the formation of concentric bead rings is observed for low frictions. We identify this phenomenon as a boundary effect and study its influence on jamming. Relying on measures obtained from simulation runs, the median jamming diameter of bidisperse bead assemblies is finally found to depend only on the volume-average diameter of their constituting beads. We formulate this as a tentative law and validate it using bidisperse assemblies of steel beads.
Introduction
Confined granular flows are known to arch suddenly about their confining boundaries under given conditions. While this may be due to microscopic interactions in fine powders, large grains will undergo jamming as well due to mechanical equilibria induced by purely macroscopic forces. This phenomenon, referred to as "arching effect", limits the ability of grain assemblies to flow. The flow regimes of powders have been extensively studied [1, 2] . However, the case where no flow takes place has not been treated directly in those references, but merely as a limiting case in empirical flow equations. The arching effect itself has been studied in terms of the link between the jamming probability and the amount of matter flowing between the formation of two consecutive arches [3, 4] . The mechanical and geometrical structures of an arch have also been studied [5, 6] and in particular their dependence on the packing fraction has been investigated [7] . No quantitative results exist to our knowledge about the influence of polydispersity on jamming.
With the arching effect, granular media reveal their true, unique nature by manifesting intrinsic differences with the usual states of matter. Moreover, its discontinuous, erratic nature makes the process particularly hard to capture in its globality, even with stochastic modeling which has so far not been successful. This paper reports on experimental investigations of the arching effect based on numerical simulation validated with trials using
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The European Physical Journal E real steel bead assemblies. The setup we study is a cylindric receptacle ( Fig. 1 ), initially filled up with an assembly of beads that may flow out through a circular outlet placed in its bottom. Relying on a statistical characterization of the arching effect, we study the probability that an arch will form as a function of the size distribution of the beads and their friction coefficient. The formation of concentric bead rings is observed for low frictions. We identify this phenomenon as a boundary effect and study its influence on jamming. We further formulate a tentative law for bidisperse media whereby their jamming probability only depends on the volume-average diameter of their constituting beads. In addition, experimental validation confirms the simulation results, suggesting that distinct element simulation models allow for realistic reproduction of static granular phenomena. Using the above setup, the jamming probability of a given bead assembly will be estimated as a function of the hole's diameter D. In this way, we can determine the diameterD j of the opening hole for which the jamming probability of this medium is 0.5. This diameter, called median jamming diameter is the quantity we use to characterize the tendency of an assembly of beads to jam.
Surface properties of the involved beads are characterized by their static friction coefficient µ. This paper first reports on numerical trials conducted using the Distinct Element Method [8] [9] [10] [11] with monodisperse bead assemblies and several friction coefficients. Experiments performed on the same monodisperse assemblies composed of steel beads show that using those numerical models with a constant friction coefficient provides realistic values for D j . Finally, measures ofD j for bidisperse bead assemblies are obtained from simulations. Those results show that for a constant friction coefficient,D j only depends on the beads' volume-average diameter, which suggests that a law can be formulated about the jamming of polydisperse bead assemblies.
The experiment
The setup we use to perform jamming trials is a plexiglas cylinder with interchangeable aluminum discs at the bottom that feature a circular hole in their centers. The inner diameter of the cylinder is 5 cm and the bottom discs have various diameters D for their central holes. The hole of the bottom disc can be obstructed using an aluminum shutter as shown on the left side of Figure 1 .
The experiment proceeds as follows. First, the beads are poured into the cylinder while the hole of the bottom disc is obstructed by the shutter. The grains then pile up under the action of gravity and reach a mechanical equilibrium. Finally the shutter is suddenly pulled out and the medium either flows through the hole of the bottom disc or jams. From now on, we call Φ the bead diameter. For our experimental trials, we used steel beads with Φ = 1.0 mm, Φ = 4.0 mm, Φ = 5.0 mm and Φ = 7.0 mm. All trials were carried out using as close as possible to 0.575 kg of those steel beads, resulting in a filling height of around 6.5 cm independently of the bead diameters.
We use the Distinct Elements Method [8] to reproduce our experiment in a numerical framework. Comprehensive descriptions of the implementation we use can be found in [9] [10] [11] . Contacts are modeled using a contact time t c = 6 · 10 −4 s and a restitution coefficient e n = 0.4 that, respectively, quantify the duration and the energy loss of simple contacts [10] . Our numerical beads have a density of 7800 kg m −3 , which is that of our steel beads. The numerical model of the experimental setup is shown on the right side of Figure 1 .
Numerical and experimental trials are not carried out exactly in the same way, due to their respective specificities. Observe first that the combination of the pierced disc with the shutter acts as an uneven bottom in the experimental setup while its numerical counterpart is perfectly flat. Thus, removing the shutter in experimental trials applies a shearing at the bottom of the granular piling. This is not the case in numerical trials where contacting forces suddenly disappear when the hole is opened. The numerical bead-wall friction coefficients are identical to the beadbead friction coefficient, while friction occurs between steel, plexiglas and aluminum bodies in our experiments. Finally, the initial pourings of the beads in the numerical framework and in the experimental one are different. Several methods exist to prepare numerical pilings [12] . Those methods will produce initial situations that are often difficult to achieve experimentally like spatially homogeneous polydisperse pilings. This is why we use a simplified version of the sedimentation technique [12] : we generate the beads randomly inside the containing cylinder, and move them downwards as close as possible to the bottom disc, in order to achieve a dense preliminary state. Then, we simply let the beads fall under the action of gravity from this state which is already dense enough for only few rearrangements to be needed while the initial piling settles. In particular those rearrangements will not significantly disturb the spatial homogeneity of the preliminary state in the case of bidisperse assemblies. In the experimental procedure used for monodisperse sets of beads, the pouring is done from above the cylinder instead. This would produce segregation in the case of bidisperse media.
The median jamming diameter
A trial will either result in the observation "the medium jams" or "the medium flows". We say that the medium flows if at the end of the experiment, none of the remaining beads has its center above the hole. By repeating the experiment using several pilings composed of the same beads, one can estimate the probability for them to jam with a hole of given diameter. This allows in particular to find the statistical diameterD j of the opening hole for which the jamming probability is 0.5. More precisely, D j is statistically evaluated as the value below which the opening diameter of flowing trials will lie with a probability of 0.5. In order to estimateD j , we process the results using a generalized linear model [13] . Confidence intervals forD j are found by applying a bootstrap method [13] . Note that reaching a good accuracy when estimatingD j (i.e. confidence intervals smaller than a tenth of prediction intervals) requires between 100 and 1000 trials. The 168 numerical estimations ofD j reported below required some 40000 trials and around 15 years computing time on a fast single-processor machine. We carried out our actual computations on several 2.7 GHz G5 PowerPC processors and on a cluster comprising 40 2.8 GHz Intel Xeon processors.
Influence of friction on jamming
The tendency of a powder to jam is known [14] to reflect the friction coefficient of its constituting particles. In our macroscopic framework, this is still the case as shown in Figure 3 for monodisperse assemblies with Φ = 4.0 mm, Φ = 5.0 mm and Φ = 7.0 mm. In particular, the median jamming diameter is a globally increasing function of the friction coefficient. This dependence on friction is well marked for low values of the friction coefficient while it can practically be neglected for high ones. High frictions allow a wider range of jamming configurations than low ones because of a higher involvement of tangential forces in the stability of the system. Indeed, the possibilities for neighboring beads to carry each other are then more numerous. This results in larger arches and higher values of D j , explaining the trend observed in Figure 3 . Inversely, low frictions yield way fewer arrangements, which are most of the time regular such as in Figure 2 , (ii). Note that the values ofD j obtained with Φ = 4.0 mm and Φ = 5.0 mm are much closer for µ = 0 than for µ > 0. This will be explained below as a consequence of the formation of concentric bead rings in the container. The median jamming diameters measured from our experiments with steel beads are shown in Table 1 and plotted in Figure 3 for Φ = 4.0 mm, 5.0 mm and 7.0 mm. These results suggest that our steel beads can be simulated with a numerical friction coefficient µ that is approximately independent of the bead size and lies between 0.2 and 0.3. Table 1 for Φ = 4 mm, Φ = 5 mm and Φ = 7 mm and their confidence intervals are reported on the graph respectively as dashed lines and greyed zones. This range will be discussed and refined below using experiments on bidisperse assemblies. Mind that these values certainly also reflect the differences between experimental and numerical setups and further investigations are needed to check their actual relevance regarding the real bead-bead friction coefficient. Friction also highly influences the shape of arches. With cohesive particles, some authors suggest that arches in two dimensions have a globally circular shape [15, 16] . With two-dimensional dry discs, arches are always convex in the frictionless case and may be non-convex otherwise [17] . In three dimensions, the notion of convexity still has to be formally defined for granular arches. Yet, nonconvex arches are easily recognizable. In particular, most of the arches we obtain with high frictions are non-convex: they feature beads that are held by tangential forces alone, as beads A, B and C in Figure 2 . With frictionless beads, almost all the arches we observed seemed to be convex.
Measuring the Coulomb friction coefficient between pairs of steel beads is very complicated. In fact the friction coefficient usually measured is that between a sphere and a plane, using a tribometer or a tilted plane. In [18] , the friction coefficient was measured with both methods for steel beads yielding values between 0.1 and 0.7 depending on surface conditions. Note that this range contains the interval 0.2 ≤ µ ≤ 0.3 obtained above with our beads. As suggested at the beginning of the section, our experiment could lead to an alternate way of determining the beadbead friction coefficient. Carrying this to its maturity is a challenging subject for future work.
5 Jamming in monodisperse bead assemblies and Φ = 6.25 mm and then reaches a plateau. Irregularities ofD j actually also occur for non-zero friction, but for larger bead diameters than in the frictionless case, and with lower amplitudes. We identify this non-linear behavior as a boundary effect. Indeed, the cylindrical shape of the container promotes the creation of concentric bead rings as shown in Figure 2 , (ii) and (iii). This effect is especially strong for large beads and low friction coefficients. Those rings disturb the linearity ofD j (Φ) because their ability to flow through circular openings is not the same as that of random arrangements. Indeed, if the ring has a diameter enabling it to flow freely through the hole, it does not represent an obstacle for other beads. On the other hand, if the hole diameter is slightly below the outer ring diameter, the beads of the ring in contact with the hole will collectively reduce its diameter by approximately two bead diameters. The above-mentioned non-linearities in the plot ofD j against Φ nicely reflect this. Call δ i , i ≥ 1 the diameter of the i-th bead ring measured at the center of the beads and indexed from the boundary to the interior of the cylinder. At the end of each trial the bead rings appear clearly on the radial distribution of the bead centers, and the values of δ i , i ≥ 1 can be measured precisely. We plot them in Figure 5 for Φ ranging between 2.5 mm and 9.5 mm, together with the values ofD j obtained for friction coefficients µ = 0.0 and µ = 0.2. We observe that the ring diameters do not depend on the friction coefficient µ and that the distance between two consecutive bead rings is most of the time 5% to 10% smaller than the diameter of the beads. Some space is left empty within the rings due to the spherical shapes of their constituting beads. This can be noticed in Figure 2 , (ii). Beads in adjacent rings will insert in this space in order to take advantage of the available volume in the best possible way, which reduces the distance between consecutive rings. For a given value of µ, call Φ i the beads' diameter so thatD j = δ i . The points with coordinates (Φ i ,D j (Φ i )) lie on a same straight line τ µ (see Fig. 5 ). Intuition suggests thatD j should increase as a function of Φ. This is not the case except when Φ is close to Φ i . Far away from Φ i , D j (Φ) decreases. There, the median jamming diameter is constrained to remain between two consecutive bead rings and therefore follows the decreasing trend of their diameters. It seems likely that τ µ would be the lawD j would follow without the effect of those periodic rings. Indeed, τ µ extrapolates to large Φ the linear behaviorD j has for small Φ. In this light, the fact thatD j (Φ) lies on τ µ in the neighborhood of Φ i can be seen as a local disappearance of the ring effect.
One can see in Figure 2 , (iii), that rings form in our experiments with steel beads, corresponding to a simulated friction coefficient between µ = 0.2 and µ = 0.3. This shows that bead rings also occur in reality and not only in our numerical framework and further confirms that they indeed form with non-zero-friction coefficients. Recall that the amplitude of the non-linearities ofD j decreases with increasing µ. Friction promotes disorder and makes it more difficult for beads to arrange regularly, which smoothes the variations ofD j due to the ring effect.
Jamming in bidisperse bead assemblies
Bidisperse media are characterized by two distinct bead diameters Φ 1 and Φ 2 . We gather them into one single parameter, the volume-average diameterΦ of the beads:
where N 1 and N 2 are the number of beads with diameters Φ 1 and Φ 2 , respectively. Measures of the median jamming diameter have been performed for bead assemblies with µ = 0.2 andΦ ranging from 3.0 mm to 6.0 mm. The resulting median jamming diameters are plotted againstΦ in Figure 6 (top curve) together with the monodisperse results obtained with µ = 0.2. In this representation, bidisperse measures collapse on the monodisperse curve with very good accuracy. One has to be cautious though, for bidisperse media with Φ 1 significantly smaller than Φ 2 , yet close enough toΦ like the measures obtained for Φ = 3.25 mm andΦ = 3.75 mm with the mix Φ 1 = 3.0 mm, Φ 2 = 6.0 mm. In those cases, the median jamming diameters are statistically greater for bidisperse media than for monodisperse ones. This can be explained in terms of segregation. Indeed, such granular assemblies feature a small number of large beads that are significantly larger than the others. This leads to a strong tendency to segregate while the medium flows. Large beads actually migrate to the top and remain there while small beads flow through the hole. When the large beads finally reach the hole, most of the time they gather in an arch. Otherwise, bidisperse and monodisperse results fit very well for µ = 0.2. This comes all the more unexpected since a monodisperse bead assembly defined using the volume-average diameter does not fill the same volume fraction as the corresponding bidisperse assembly. One can further observe that two bidisperse media with samē Φ but different diameters for their constituting beads will have the same median jamming diameter. Those observations lead us to formulate the following tentative law:
For fixed interparticulate friction, the median jamming diameter of spatially homogeneous bead assemblies only depends on their volume-average diameter.
With frictionless beads, the dependence ofD j on the diameter of the beads is strongly non-linear due to the influence of bead rings. Figure 6 (lower curve) reports results of both monodisperse and bidisperse trials obtained with µ = 0.0 andΦ ranging from 4.5 mm to 7.0 mm. One can see that only few bidisperse values ofD j lie on the line τ 0.0 , suggesting that the ring effect indeed disappears in bidisperse assemblies, but only for particular mix configurations.
First observe that all bidisperse assemblies with Φ 2 = 7.0 mm have identical behaviors whenΦ is close to 7.0 mm: their median jamming diameter is nearly constant forΦ between 5.75 mm and 6.75 mm and then significantly increases until it joins up with the monodisperse measures at Φ = 7.0 mm. These variations recall those we observe with monodisperse assemblies and this is because such mixes are nearly monodisperse and still generate bead rings. In this case, however, the ring diameters δ i do not depend onΦ, but only on Φ 2 : for a given value of Φ 2 the δ i will be equal to those obtained with monodisperse assemblies whose beads have diameters Φ = Φ 2 .
In the monodisperse case with Φ = 7.0 mm, the bead rings have diameters δ 1 = 43.0 mm, δ 2 = 29.96 mm and δ 3 = 16.52 mm (see Fig. 5 ). As discussed in Section 5, D j tends to stay between two ring diameters. For bidisperse assemblies with Φ 2 = 7.0 mm andΦ close to Φ 2 (that isΦ ≥ 5.75 mm),D j then tends to stay below δ 3 which explains why it remains constant for 5.75 mm ≤ Φ ≤ 6.75 mm. Here,D j follows the constant behavior of the δ i for the same reasons it follows their decreasing behavior in the monodisperse case.
Observe, though, that forΦ ≥ 5.75 mm, all values of D j measured on bidisperse assemblies with Φ 2 = 7.0 mm collapse on the same curve. Now, consider the measures ofD j obtained with mixtures Φ 1 = 5.0 mm, Φ 2 = 6.0 mm and Φ 1 = 5.0 mm, Φ 2 = 7.0 mm (Fig. 6) . ForΦ ≤ 5.75 mm, one can see that they collapse on the same curve as well. Further observe that mixtures with Φ 1 = 5.0 are in analogous conditions regarding the bead rings whenΦ is close to 5.0 mm. This suggests that our law remains valid for bead assemblies submitted to the ring effect, provided that they are in identical conditions regarding ring formation.
Finally, one can see that the values ofD j obtained with the mixture Φ 1 = 4.0 mm, Φ 2 = 7.0 mm collapse on τ 0.0 for 4.9 mm ≤Φ ≤ 5.2 mm. Indeed,Φ is away from both Φ 1 and Φ 2 , and the corresponding assemblies are bidisperse enough to prevent ring formation.
Similarly to friction, the degree of polydispersity is a parameter that induces disorder in granular assemblies and makes it more difficult for such regular patterns as bead rings to build. When friction disappears, the degree of polydispersity becomes predominant in this role, and regulates the variations ofD j as just discussed.
Experimental validation
In order to check the law formulated above, experiments with bidisperse sets of real beads were carried out. While it is easy to perform monodisperse experiments, bidisperse ones turn out to be a lot trickier. Indeed, strong segregation can occur when pouring beads of two distinct diameters into the initial piling of a trial and when the medium flows, it behaves like a succession of more or less thick monodisperse layers. Thus, much care is needed when performing physical experiments. We use the following procedure: small bidisperse subsets of between 10 and 20 beads with the wanted volume-average diameterΦ are poured one after the other into the container. The latter is turned around its vertical axis by hundred twenty degrees between two consecutive pourings. The beads are poured gently to avoid that they mix with those that have already settled below. Preparing one such homogeneous bidisperse bead assembly takes approximately one hour. The diameters of the steel beads constituting our experimental bidisperse media are Φ 1 = 4.0 mm and Φ 2 = 7.0 mm and three volume-average diametersΦ have been investigated: 5.0 mm, 5.45 mm, and 5.81 mm. Table 2 reports the median jamming diameters measured using those experiments. Comparing Tables 1 and 2 , one can see that monodisperse steel bead assemblies with Φ = 5.0 mm and bidisperse steel bead assemblies with volume-average diameterΦ = 5.0 mm have nearly identical median jamming diameters. This is a first experimental confirmation of our law.
The values ofD j listed in Table 2 are plotted in Figure 7 againstΦ, together with measures obtained numerically on monodisperse media with friction coefficients µ = 0.2 and µ = 0.3. One can see that experimental points lie close to both numerical curves. As discussed in Section 4, monodisperse results suggest that the numerical friction coefficient µ corresponding to our steel beads should lie between 0.2 and 0.3. This is confirmed by Figure 7 and indicates that our simulation model is indeed able to reproduce static granular media. Moreover, the good agreement observed in this figure between the experimental bidisperse results and the numerical monodisperse ones provides a further validation of our tentative law.
Conclusion
Our experimental and numerical trials have resulted in an excellent agreement of the corresponding estimated median jamming diameters, thereby validating numerical simulation as an appropriate tool for the study of jamming. Furthermore, we have investigated the role of friction and boundary conditions on the median jamming diameter as a function of bead diameters and identified the formation of bead rings as an important element therein. Finally we have studied bidisperse media and found (both by simulation and experiment) their jamming behavior to be characterized by their volume-average diameter over a wide range of granulometries. The following questions remain open for future research: using our approach for experimental determination of the bead-bead friction coefficient, finding the influence of orifice and container shapes on jamming, and studying the dynamic interplay between segregation and jamming in order to refine the empirical law we formulate here. guidance. Finally we want to express our appreciation for the insightful and stimulating remarks by the two referees.
